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Lecture 27: Fluids and Simple Harmonic Motion

Physics for Engineers & Scientists (Giancoli): Chapters 13 & 14
University Physics V1 (Openstax): Chapters 14 & 15

Example: During a tornado the winds and pressure can be sufficient to rip the roofs off houses. The
roof of a cabin is 10.0 m by 7.00 m. The air outside is moving at 67.0 m/s (roughly 150 mph). You
may assume that the difference in height from the top of the roof to the bottom is negligible. The
density of air is 1.225 kg/m>. How much force is exerted on the roof?

insideA — Poutsided = (Pinside - outside)A = (Pl - PZ)LW

Fnet = Finside outside

1 1
P+ Epvf +pgy; =P+ Epvz? +pgy,

As stated in the problem, y1 = v, (pgy terms cancel). Also, the air is still inside (v1 = 0).

1 2
P, =P, + 5 PV2

1, 1 kg my 2
PL—P,= Zpvi = 5(1'225$> (67.0?) = 2,749.5 Pa

Fyer = (PL — P)A = (2,749.5 Pa)(10.0 m)(7.00m) = 192 kN
192 kN is roughly equal to 43,000 Ibs.

Example: The top was removed from an old silo to convert it to collecting and storing rain water.
The silo is 10.0 m high, 2.00 m in radius, and full to the open top with water. A poorly placed shot
from a rifle puts a hole in the side of the silo that is 1.00 cm in diameter and 1.60 m above the
ground. Determine the velocity of the water as it streams out the hole.

1 2 1 2
P+ 5PV +pgy; =P+ 5PV +pgy
P, and P, are both 1 atm (open to the air) and will cancel.

1 1 1 1 1
Spvi+pgys =5pvit+pgy,  pgyi— pgy: =5pvi—5pvi  pgOn —y2) =5p(wi —vi)

Need to get v, (top of the silo) in terms of v, (coming out the bullet hole).

A nr2 )2 0.005 m\2
Av, = A,v v:—zvz—zvz(—z)v=( )v=6.25><10‘6v
171 2V 1= V2T a0 o) V2 ~oom ) V2 ( ) v,

As vy is roughly a million times smaller than v,, the vi? is negligible compared to v,°.
Keep this in mind. In many cases, one of the KE terms is negligible.

1
P9 —y2) =5pvi  vi= 290 —y2)

m m
v, = 290 — y3) = \/2 (9.805—2) (10.0m —1.60m) = 12.8—
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Example: In order to clear an obstacle, an oil pipeline rises h = 12.5 m in height. As it does the
pipeline narrows from a diameter of 1.20 m to a diameter of 0.625 m. The density of the crude oil is
827 kg/m?®, and the velocity of the oil at the bottom is v, = 1.25 m/s. If the pressure at the top (P,),
can’t exceed 56.7 atm, determine the maximum pressure of P;.

P, s

pa

S

Ay = A, vy = By = Ty o (0), = (9) = (22 (1257 = 46087

Ay rrrzz T d, 0.625m

1.013 x 105 Pa
1 atm

P, = 56.7 atm < > = 5.74371 x 10° Pa

r, T,
P+ Emﬁ +pgyr =P+ Epvz +pgy2

1 1
P, =P, + Ep(vz2 —v)+pg(y,—y1) = P, + EP(UZZ — v{) + pgh

2

1 kg m my2 kg m
= 6 - - ) = — Il f—
P; = 5.74371 x 10° Pa + > (827 3> [(4.608 S) (1.25 S) ] + (827 3) (9.80 52) (12.5m)

P, = 5.74371 x 10° Pa + 8134 Pa + 101,308 Pa = 5.85 X 10° Pa

Simple Harmonic Motion

e Simple Harmonic Motion is a repetitive (periodic) state of motion that occurs when the
magnitude of the restoring force is proportional to the displacement from equilibrium.

One place this type of behavior occurs is when a mass is attached to a
spring and allowed to slide across a frictionless surface.

o If we pull the mass a distance A away from equilibrium, the Restoring Force of the spring
will pull it back towards the equilibrium position.
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bric x=A
Equilibiom . A

a=-5 <— ‘: X=XmaX=A

e The Amplitude (A) is the maximum displacement of the system from equilibrium.

e The mass is released from rest in this case. vg = 0.

e Theaccelerationis: a = —= X = =
m m m
: . K
e As will be shown later, the angular frequency (®) of the system is: w = -

e The object will return to this exact state of the beginning of every period
t =nT, forn=0,1,2,..

e After a quarter of the period, the mass will have returned to its equilibrium position.

Equilibrium x = 0

_ I . x=0
t=aT -
1 V = =Vmax —,/%A: -0A
t=(m+37)T a=0

e Atequilibrium (x = 0) the net force is zero. This means there is no longer any
acceleration.

e One it passes equilibrium it will begin to decelerate, making this the maximum speed.

e We can calculate that speed using conservation of energy:

1 1 1
Emic = Ugiastic = Ekxz = EkAZ Epina = KE = Emvz
1 1 k k
Elnit = EFinal EkAZ = Emvz kAZ = ‘mv2 ;AZ = 172 v = ’ZA = wA

e The object will return to this state every period: t = (n + i)T, forn=0,1,2,..

e After half of the period, the mass will have come to rest again.

e The amplitude has maximum magnitude again, this time on the negative side: x = -A.

e The mass has come to rest again. vo = 0.

- . F —kx kA
e Theaccelerationis: a= —= —= =
m m m

e The object will return to this state every period: t = (n + %)T, forn=0,1,2,..

e After three quarters of the period, the mass will have returned to its equilibrium position
again.
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x=0

TR — — _
—_— V‘“Vmax"Jg;A"ULA

a=0

e Atequilibrium (x = 0) the net force is zero. This means there is no longer any

acceleration.

e One it passes equilibrium it will begin to decelerate, making this the maximum speed.

’k
v= |—A= wA
m

e The object will return to this state every period: t = (n + Z)T, forn=0,1,2,..

e After one full period, the object returns to its initial position and state and the cycle begins

again.

t=4T

t=(n+HT

t=4T

X = Xmax = A
v=0

o — _kA _ 2
a=—amax = - = —OA
x=0

- s kA=
V= =Vmax = = A = —0A
a=0

X = —Xmax = —A

g v=0
t=(n+3)T a:amax:%:sz
t=3T x=0
5 v:vmax:\/%A=(uA
t=(m+T a=0

e The energy of the system continually changes from potential energy to kinetic energy and
back.

e The velocity at any position can be calculated using conservation of energy:

_ _ 1,2 _ _ 1, 2,1 9
Esystem = Epic = ;KA Epina = Ugiastic + KE = Jkx™ + -mv

1 1 1 1 1 1
Enit = Erina EkAZ = Emvz + EkXZ EkAz — Ekxz = Emvz

1,042 2y _ 1 9 2 2\ a2 k42 2y _ .2 — kg2 _ .2
2k(A x%) = _mv k(A2 —x?) = mv —~(AP=x)=v v = /m(A x?)

e General Solution

d%x d%x
F =ma —kx =m—= m— + kx =0 — 4+ —x =
dt2 dt? m

The solution to this well-known differential equation is of the form: x(t) = C; cos wt + C, sin wt
The given initial position at t=0 is x=A. x(0) = C;cos0°+ C,sin0°= C; = A
The given initial position is a maximum. C, =0

_ d’x _ a? _a. . _ 2
x(t) = Acoswt el (Acoswt) = dt( wAsinwt) = —w*A cos wt
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Plug into the initial different equation:

d?x k 2 k k 2
— +=x=0 —w Acoswt + —Acoswt =0 (——a))Acosa)t=0
dt m m m

As A # 0 and cos(wt) # 0 (at least it isn’t for all values of t):

m m w k T\ m

21
Which gives us our solution: x(t) = A cos wt with w = \/7

N

Kk
m
dx d . k
v=—= —(Acoswt) = —wAsinwt v =wd= [—A
dt dt( ) max m
dzx dz 2 2 k
a—F—F(Acoswt) = —w*“Acoswt amax—a)A—aA

This solution is only valid when the initial position is a maximum.

Simple Harmonic Motion vs. Uniform Circular Motion

e The x- and y-components of uniform circular motion are in simple harmonic motion.

e Simple harmonic motion can be viewed as a 1-dimensional view of uniform circular
motion.

e Uniform circular motion can be viewed as 2-dimensional simple harmonic motion
where the two components are 90° out of phase.

& Let the radius of the circle be the amplitude (A). r = A
) oA There is no angular acceleration. 8 = wt + 6,
0 x =rcosf = Acos(wt + 6;)
v, = —vsinf = —wrsin(wt + 0y) = —wAsin(wt + ;)
a, =—acosf = —gcos(wt + 6y) = —@cos(wt + 6y)
a, = —w?rcos(wt + 0y) = —w?Acos(wt + 6,)

Example: Military aircraft and pilots are tested to ensure they can withstand accelerations of 9¢g
(88.2 m/s?). To ensure that communication equipment can withstand these g-forces it is placed on an
oscillating table that shifts back and forth in simple harmonic motion at a frequency of 5.25 Hz. To
ensure that the equipment is tested at a maximum acceleration of 9g, what amplitude is needed?

Amax = W2A = (2nf)?A = 4m?f2A =9g

m
9y 9(9803)
" 4m2f? 472(5.25 Hz)?

=25.5cm
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Example: A 50.0 kg block is attached to a spring (k = 450 N/m), which in turn is attached to a wall.
The block is at rest when it is struck by a bullet with a trajectory that would pass straight down the
center of the spring. The bullet becomes lodged in the block, and sends it into simple harmonic
motion with frequency of 0.4765 Hz and amplitude 50.5 cm. Determine the mass and the initial
velocity of the bullet.

_ k kK 422 _ _k
w= [——=2nf — = 4An°f m+M—4n2Jf2
N

k (4507

= -M=—————"—--—150. = 0.202
m 22 472 (04765)2 50.0 kg = 0.20269 kg

Conservation of momentum relates the bullet velocity (vo) to V.
mvy, = (m+ M)V v0=(1+%)V
Conservation of energy (after the collision) relates V to A.

Or...

The velocity of the block and bullet (V) right after the collision occurs at equilibrium.
That means V is the maximum velocity.

V =vpa = WA = 2nfA

—<1+M)V—<1+M)2 A—<1+ 200 kg )2 (0.4765 Hz)(0.505 m) = 374 —
vo= \bt)V = (bro) 2 A= 1 550269 kg ) 2™ PRSI = 2
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