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Lecture 19: Momentum in 2D and Center of Mass

Physics for Engineers & Scientists (Giancoli): Chapter 9
University Physics V1 (Openstax): Chapter 9

Ballistic Pendulum

e The ballistic pendulum is used to measure
\ the velocity of projectiles (such as bullet).
Moments o First, the projectile makes a completely
inelastic collision with the much heavier
hanging mass of a pendulum bob.
e The velocity of the pair after the collision
m v - _v» ’h causes the pendulum bob to swing
upwards, and the height is measured.
Before After From this height we can produce the
Collision Collision velocity of the projectile.

Later

e To start we need to relate the ‘Moments Later’ image to the ‘After Collision’ image.
e Can we use conservation of momentum? No, an external force (gravity) acts on the
system. Momentum is not conserved.

e There is no collision in this interval. Energy is conserved.
Emie = Epinat 5 (m+Mv? = (m+M)gh  v?=2gh v=.2gh

e Next we need to relate the ‘After Collision” image to the ‘Before Collision” image.
e Can we use conservation of energy? No, a collision occurs. Energy is not conserved.
e There are no (horizontal) external forces in this interval. Momentum is conserved.

Prit = Prina mvo = (m+ M)v Vo = (1+%)U: (1+%)\/ZJW

Collisions in Two Dimensions
e Conservation of momentum is applied by components for each axis of motion.

Pfinal = Pinie  implies Pfinal—x = Pipit—x and Pfinal—y = Linit-y

e Intwo dimensions, conservation of motion gives two equations, allowing you to find two
unknowns.

Example: The cue ball approaches a stationary ball of equal mass at 3.00 m/s. After the collision the
balls separate, the velocity of each ball making a 45.0° angle with the cue ball’s original path just on
opposite sides. Determine the velocity of both balls after the collision.
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Y-Components: Prinai-y = Pinit—y mgvg sin 0 — myv,sinf, =0
mgvp Ssin g = myv, sinf, Vg = 1y
Y-Components: Prinai-x = Pinit-x mgvg cos g + myv, cos 0, = myuv,
vp cos 45° + v, cos 45° = v, v, €0s 45° + v, cos45° = v,
v 3.007 m m
2V, cos 45° = v, v, = 2COS°45° = = =212132— Vp = vy =212

Is this an elastic or inelastic collision?

1 1 my 2 m?2
Einit = =mvj =§m(3.00?) = | 4.50 <z |m

2
1, 1 2 my? m?
Efinat = 3mv} + zmvf = mvf = m (212132—) = (450 — |m

So it’s elastic.

Example: A car (mer = 1300 Kkg) is heading north at 20.0 m/s when it collides with a truck (Myyck =
2000 kg) heading east at 15.0 m/s. During the collision the bumpers lock, holding the car and truck
together. Determine the velocity of the pair after the collision.

m
Pringi-x = MrruckVrruck = (2000 kg) (15-0 ?)

Prinaly m
| = 30000 kg —
o —
= lnTl‘:ll:::I‘IICL m
PFinal—y = mcarvcar = (1300 kg) (200 ?)
S m
= 26,000 kg - —

5 5 my2 my2 m
Prinai = \/pmal_x + Piinaey = |(30,000 kg-?) + (26,000 kg -;) =39,699 kg~

m
Prinal _ 39,699 kg - s
m (2000 kg + 1300 kg)

VFinal =

m
=12.0—
s

Center of Mass
e The dynamics of any object are equivalent to having the entire mass at a single point, the center
of mass.

e This allows us to treat every object as a point with mass.

e Asthis is also true for gravity, the center of mass is also called the center of gravity.
e The Center of Mass of an object is the mean (average) position of its mass.

e [For scattered point masses:

n n
MX1+MyXy+ MaXg+  Nioy MiX; _ Myt mpyy+mays+e Yl mpy;

X = = = =
M my+ my+ ma+-- ami Yem my+ my+ mg+e- Srami
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Example: Find the center of mass.

y _myxg + MpXy + MaXg + myx,
Yom = m;+ my, + my+my
2 1.0 kg
11 .
0 2% _ (40kg)20m) + B0kg)(6.0m) + (20kg)(70m) + (LOkg)(10.0m) _
> em = 40kg +30kg +2.0kg + 1.0 kg =oum
8
7
¢ 4.0. kg Yoy = AL + myy, + Mays + My,

my+ my, + my+my
3.0kg
L ]

_ (40kg)(5.0m)+ (3.0kg)(3.0m) + (2.0 kg)(10.0m) + (1.0 kg)(11.0m) _

Yewu 40kg +3.0kg +20kg + 1.0 kg 60m
1 2 3 4 5 6 7 8 9 10 11 :Z X
e For mass distributions:
_ Jxdm _ Jxdm
Xem = [dm Yem = [dam

e The object is broken into infinitesimally small pieces where ‘dm’ is the mass of any given piece.
These are then added together (integration).

e Typically, dm is written in terms of volume and density.
m= p-V therefore... dm= p-dV

Example: Find the x-component of the center of mass of the triangle shown. Assume uniform thickness
and density.

Step 1: Split mass into small pieces, each with the same value of x (as x appears in our equation)

Step 2: Find ‘dm’, the mass of the strip.

y -
dm = pdV = pzyA = pzyydx ’ \
In this instance, we must find y as a function of x T s s

strip is '"dm’

(since y varies with x).

by _ 0=y _ _%

=mx+b m= = =
Y Ax Xg—0 X0

b=y, dm= pzyydx = pzy(mx+ b)dx

dx Xo
Step 3: Plug in and integrate.

N [ xdm _ foxox[pzo(mx + b)dx] _ P% fox(’(mx2 + bx)dx _ fox(’(mx2 + bx)dx
M [dm I3 pzo(mx + b)dx Pz f, °(mx + b)dx Jo 2 (mx + b)dx

1 3.1, .7 1 1 Yo) .3 2

[gmx + be ]0 ~ gmxg + 7bx§ ~ 2mx + 3bx? ~ 2 e x5 + 3Yox}h
= = > =

3mx§ + 6bx, 3(_%) %2 + 6Y0%

xCM = X0

1
[%mxz + bx] smxg + bxg
0

—2yox§ + 3y0x§  yox§ 1

N —3y0Xxo + 6Yo%Xo  3YoXo 370

Xcm
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