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Lecture 12: Momentum in 2D, Center of Mass, and Rotational Kinematics

Physics for Engineers & Scientists (Giancoli): Chapters 9 & 10
University Physics V1 (Openstax): Chapter 9 & 10

Example: The cue ball approaches a stationary ball of equal mass at 3.00 m/s. After the collision the
balls separate, the velocity of each ball making a 45.0° angle with the cue ball’s original path just on
opposite sides. Determine the velocity of both balls after the collision.

Y-Components: Prinai-y = Pinit—y mgvg sin 0 — myv,sinf, =0
mgvg sin g = myv, sinf, Vg = Uy
Y-Components: Prinai-x = Pinit-x mpVp c0s Og + myv, cos B, = myv,
Vg c0s45° + v, cos45° = v, v, €c0s 45° + v, cos45° = v,
2v4 cos 45° = v, Uy = = = 2.12132— vg= v, =2.12—
2 c0os45° 2 cos 45° N s

Is this an elastic or inelastic collision?

1 .1 ma 2 m?
Einit = 5mv} =§m(3.00?) = (450 —|m
r . 1 2 my? m?
Efina = Eva + EmvB =mv; = m(2.12132 ?) = [ 4.50 ’el m

So it’s elastic.

Example: A car (m¢, = 1300 kg) is heading north at 20.0 m/s when it collides with a truck (Mgyck =
2000 kg) heading east at 15.0 m/s. During the collision the bumpers lock, holding the car and truck
together. Determine the velocity of the pair after the collision.

m
Prinai—-x = MrruckVrruck = (2000 kg) (15-0 ?)

PFilml m
Brivaty = 30,000 kg - —

Preuck Prinalx PF' Iy = MegrV — (1300 kg) (200 E)
= My k¥ Truck tnat—=y car v¥car S
m
Pear = 26,000 kg —

= My Vear
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5 5 my 2 my 2 m
Prinal = JPFinal_x + Py = (30,000 kg -;) + (26,000 kg -?) =39,699 kg —

m
Final m (2000 kg + 1300 kg) Vs

Center of Mass

e The dynamics of any object are equivalent to having the entire mass at a single point, the center
of mass.

e This allows us to treat every object as a point with mass.

e Asthis is also true for gravity, the center of mass is also called the center of gravity.
e The Center of Mass of an object is the mean (average) position of its mass.

e For scattered point masses:

n n
_ MyXq+MpXp+ MaXz+er i Myx; _ Myy1 1+t Mpy+ mayszte Yl MY

X = = = =
. M+ My+ Mg+ e m; Yem M+ My+ Mma+- S m;

Example: Find the center of mass.

y _ myXy + MyX,; + MaXz +Myx,
Xem = m, + m, + m; +m,

1 1.0 kg
i; 2-0.kg g _ (4.0kg)(2.0m) + (3.0kg)(6.0m) + (2.0 kg)(7.0 m) + (1.0 kg)(10.0m) _ 50

, Xom = 4.0kg+3.0kg +20kg + 1.0 kg —>om
8

; 40k _ miy; + myy, + Mzy; + myy,

s ..g Yeu my+ my,+ msz+my

4 3.0 k

3 ® ¥ _ (40kg)(5.0m) + (3.0 kg)(3.0m) + (2.0 kg)(10.0m) + (1.0 kg)(11.0m) 6.0
2 Yo = 4.0kg +3.0kg +20kg + 1.0 kg =oum
1

X

1 2 3 4 5 6 7 8 9 10 1mm 12

e The center of mass of a system of particles of net mass M, moves like a particle of net mass M.
When subject to the next external forces it accelerates according to Fet = Ma.

_dxem,  d <m1x1 + myx, + max; + )

M,
Gy A bl

m1+ m2+m3+"'

CM Collision v _ i <m1x1 + myX; + msXxs + '“)
> e om = dt M
M, (*% o mudn madx, madx
@ v, VN M M dt M dt M dt
mvy MV,  M3V3 n mv, myv,'  mgvy’
v — -
cm M M M M M M
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For mass distributions:

i [ xdm _ Jxdm
M= Tam Yem = Tam

The object is broken into infinitesimally small pieces where ‘dm’ is the mass of any given piece.
These are then added together (integration).

Typically, dm is written in terms of volume and density.

m= p-V  therefore... dm= p-dV

Example: Find the x-component of the center of mass of the triangle shown. Assume uniform thickness
and density.

Step 2: Find ‘dm’, the mass of the strip.

b=y, dm= pzyydx = pz,(mx+ b)dx

Step 1: Split mass into small pieces, each with the same value of x (as X appears in our equation)

y -
dm = pdV = pzoA = pzoydx ’ \
The mass of this

In this instance, we must find y as a function of x s

(since y varies with x).

Ly _0=%_ _Y

=mx+b>b m= = =
Y Ax Xo—0 )

Step 3: Plug in and integrate.

N Jxdm fox‘)x[pzo(mx +b)dx]  pzg f;c"(mx2 + bx)dx _ f;c"(mx2 + bx)dx
M [dm foxo pzo(mx + b)dx pPZ fox"(mx + b)dx fox"(mx + b)dx

1 3,1, o1 1 1 Yo\ . 3 2
. B [gmx + 7bx ]0 B §nlxg + 7bxg B meg + 3bx§ B 2 —x—0> xy + 3Y0Xx§
cM — X -1 - 2 -
[%mxz +bx| gmxd4bx ST 6bxq 3(— %) X2 + 6Y0%0
0 0

_ =2yox§ + 3yox§ _ Yox§
—3yoxo + 6Ypxo 3Y0%Xo

1
XcMm = §x0

Rotational Kinematics

For rotating objects, velocity is not a universal variable. Different parts of the
object move at different speeds. Distance (x) is also not a universal variable.
Consequently, these are not good variables to describe rotational motion.

Angular Position (0) fills the role of x.

Initial Angular Position (6y) is the angular position at t=0, and it fills the role of xo.

Angular Displacement (A8 = 6 — 6p) fills the role of Ax.

Arc Length (S) is the distance a part of the rigid object moves.
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1 rotation/revolution = 2r radians = 360°

X S
0 l S =r-A0 (radians)
s .
0= - meters no units
s meters

Note: ‘Radians’ is a ‘dummy’ unit.

e Angular Velocity (o) fills the role of v. (w is also called ‘Angular Frequency’)

e Initial Angular Velocity (wg) is the angular velocity at t=0, and it fills the role of vy.

Note: ‘o’ is a lower-cased Greek letter omega. Not W.

A 6-6, de .. rad e  d(re) ds
Wapg = 7= —— w=— Units: — rw = 1r— = = 2 =
At t dt S dt dt dt

e The Period (T) is the time needed to make one full revolution.

e The Frequency (f) is the rotation rate (number of revolutions per unit time)

Units: 1 Revelution _ 4 -1 _ 1 Hy 60 RPM = 60 Revolution _ 4 )

Second Minute
2nr

1 2m
f—; a)—27rf—? V= =wr

e Inrotational motion, Acceleration (a) gets broken down into two components.

e Tangential Accleration (ar) changes the speed
(magnitude of velocity) of an object moving
in a circle.

e Radial Accleration (ar), equivalent to
centripetal acceleration (ac), changes the
direction but not the speed of an object
moving in a circle.

= 2 2
a=.ar+ ag

e Angular Acceleration (a) fills the role of a.

Py _Aw _ w-wy o = dw Units: rad

Avg — At Tt T T os2

dw d(rw) dv v2 (rw)? 2
ra=r—=——>=—= ar AR = Q= —= —— =TW

dt dt dt r r
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e For the special case of constant angular acceleration, a set of equations can be found from the
one-dimensional kinematic equations for constant acceleration.

V= v+ art wr = wor + art w= wy+ at
s = 50+%(v+ Vo)t rf = r90+%(rw+ rwo)t 0= 90+%(w+ wo)t

S = Sg+ vot+ %ath 70 = 10y + Tw)t + %ratz 0= 6+ woet + %atz

v? = v¢+ 2ar(s — sg) r?w? = r?wi + 2ra(rd —ré,) w? = wi+ 2a((0 —6,)

e Rotational kinematics are similar to one-dimensional kinematics (just a change of
variable) and solved the same way.

e There are four variables (8, ®, o, and t) and two constants (8 and wo).

e Three of the variables are related in each of the four equations. In many cases you can
find the equation you need by determining which variable is absent.

Example: A wind turbine is activated as the winds reach a threshold. The blades start from rest and
accelerate uniformly to an angular velocity of 9.87 rpms in 27.4 s. Determine the angular acceleration

of the blades.
Extract Data: wo=0 o =9.87 rpms = 1.03358 rad/s t=274s o=17??7?
w = 9.87 (Rev) (1 Min) <2n rad) _ 1.03358@
Min/ \ 60 s 1 Rev s

Be warned: 2r/60 = 0.10472. If you fail to do this conversion,
you will be off by a factor that is close to a power of 10.

No information about position is given. The equation without position is...

w 1033587 rad

w= wyg+ at = at a=?=TsS=OO37725_Z

Example: A grinding wheel undergoes uniform angular acceleration from rest to 680 rad/s over 1.30
seconds. Then the power is removed and friction causes it to decelerate back to rest in 18.7 seconds.

Through what angle does the wheel turn during this time?

There are two different accelerations (both constants). This requires two sets of equations, one for the
acceleration and one for the deceleration. This is an odd case where both are the same.

Accelerating:

Extract Data: 6, =0 6 =777 wy=0 w=680% a t=130s

rad

Equation withnoa: 6 = 6, + %(w + wy)t 0 = %wt = %(680 T) (1.30s) =442 rad

Decelerating:

rad

Extract Data: 6y =442rad 60 =77?7 (wq= 68OT w=0 «a t=18.7s
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Equation withnoa: 6 = 6, + %(a) + wy)t
1 1 rad
0= 06,+ Ewot = 442 rad + 5(680 T) (18.7 s) = 6800 rad

Alternatively, one could note that the average angular velocity is the same
value whether accelerating or decelerating.

The solution would just be waygtnet

1 1 rad rad rad
Wang =30 = 3(68075%) = 340752 0 = wgyyt = (

340 —) (1.30 s + 18.7 5) = 6800 rad
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